Correlators at large c without information loss by Galliani, Andrea et al.
ar
X
iv
:1
60
6.
01
11
9v
3 
 [h
ep
-th
]  
29
 A
ug
 20
16
DFPD-16-TH-09
QMUL-PH-16-12
Correlators at large c without information loss
Andrea Galliani a,b, Stefano Giusto a,b, Emanuele Moscato c and Rodolfo Russo c
a Dipartimento di Fisica ed Astronomia “Galileo Galilei”, Universita` di Padova,
Via Marzolo 8, 35131 Padova, Italy
b I.N.F.N. Sezione di Padova, Via Marzolo 8, 35131 Padova, Italy
c Centre for Research in String Theory, School of Physics and Astronomy
Queen Mary University of London, Mile End Road, London, E1 4NS, United Kingdom
Abstract
We study a simple class of correlators with two heavy and two light operators both in the
D1D5 CFT and in the dual AdS3 × S3 × T 4 description. On the CFT side we focus on the
free orbifold point and discuss how these correlators decompose in terms of conformal blocks,
showing that they are determined by protected quantities. On the gravity side, the heavy
states are described by regular, asymptotically AdS3 × S3 × T 4 solutions and the correlators
are obtained by studying the wave equation in these backgrounds. We find that the CFT and
the gravity results agree and that, even in the large central charge limit, these correlators do
not have (Euclidean) spurious singularities. We suggest that this is indeed a general feature
of the heavy-light correlators in unitary CFTs, which can be relevant for understanding how
information is encoded in black hole microstates.
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1 Introduction
From the early day of the AdS/CFT duality it has been conjuctured that type IIB string
theory on AdS3 × S3 ×M (where M is either T 4 or K3) is dual to a (4, 4) 2D super
Conformal Field Theory (CFT) [1]. Over the past 20 years this duality has been under
intense scrutiny as it provides the ideal setup to study the microstates accounting for the
entropy of a 1/8-BPS large black hole [2]. A key question in this field is to what extent
each individual black hole microstate is well described by the classical black hole solution
when the theory is studied in a regime where supergravity is a good approximation.
Since we are looking for possible breakdowns of the standard general relativity intuition,
it seems a good approach to address this question by using the CFT description. Of
course to make contact with the gravitational description, one needs to take the central
charge c to be large and focus on a particular (strongly interacting) point of the CFT
moduli space. As we will see, it is however convenient to calculate many protected
quantities at a different point where the CFT is described by a free orbifold [3–5].
On the CFT side, the black hole microstates correspond to 1/8-BPS “heavy” states in
the Ramond-Ramond sector which have conformal dimension of order c. A natural way to
probe these states is to calculate the holographic 1-point functions of the different chiral
primary operators. The general formalism was discussed in [6, 7] and was subsequently
applied to the case of interest here first in the 1/4-BPS sector [8–10] and then for a class
of 1/8-BPS states [11]. Another observable that can be used to study the heavy states is
the entanglement entropy of an interval, since it is a well-defined CFT quantity [12] that
captures the geometric properties of the dual space-time [13, 14]1. In the small interval
limit [21] this entanglement entropy can be calculated for general heavy states of the
(4, 4) CFT mentioned above and the result can be matched with the ones obtained from
the dual geometries [11,22]. Indeed higher order terms in the small interval expansion of
the entanglement entropy are captured by the vev’s of operators of increasing dimension
(this connection has been recently emphasised also in [23]). From a technical point of
view it is difficult to generalize the computation of 1-point functions to high dimensions,
and hence this analysis only allows one to access the region of the microstate geometry
close to the AdS boundary.
In this paper we extend the study of the 1/4 and 1/8-BPS states in the (4, 4) CFT
and their dual asymptotically AdS3 × S3 ×M geometries by studying the correlators of
(two) light operators in a heavy state2. In the OPE limit in which the light operators are
1See [15–20] for a general discussion of the entanglement entropy in heavy states.
2Correlators involving two light twist operators that induce a transition between two different heavy
states have been computed in [24], with the purpose of studying absorption and emission of quanta from
a D1D5 bound state. A computation of two-point functions of primary operators in heavy excited states
at large c has also been recently performed in [25].
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close, the correlator effectively resums an infinite series of vev’s, and hence it represents
an observable that can probe the bulk of the space-time. Our approach is based on very
standard techniques: on the CFT side we need to calculate a 4-point function with two
heavy and two light operators, while on the bulk side we study the wave equation of
a light field in the dual non-trivial geometry. The main goal is to understand in some
detail how the large c limit of the CFT correlator reproduces the result obtained in the
gravitational description. This heavy-light, large c limit has been analyzed in several
papers: an explicit expression for the Virasoro blocks in this limit was derived in [26,27]
and a dual interpretation of this result in pure AdS3 gravity was discussed in [28–32].
Here we will apply the same approach to the simplest possible heavy operators in the
(4, 4) CFT that have a dual geometric description in type IIB supergravity.
One of the main features of our analysis is that the full higher dimensional geometry is
important in the bulk calculation, which is reflected on the CFT side by the contribution
of operators that are not Virasoro descendants of the identity. This is a pattern that
already emerged in the previous study of the 1-point functions and the entanglement
entropy [11, 22] and, of course, it is particularly evident in our calculations because we
chose very peculiar and simple heavy operators (i.e. very atypical states in the black
hole ensemble). However, these examples show that pure heavy states are not directly
described by the 3D geometry of the BTZ solution and that, on the CFT side, Virasoro
primaries different from the identity can play an important role also in the large c limit.
In particular, in the correlators we consider, the singularities due to the large c Virasoro
block of the identity are resolved by the contributions of new primaries that are non-
trivial already at the leading order in the limit c ≫ 1. So in this case the pattern
is different from the one discussed in [33]3, where it is argued that 1/c corrections are
crucial to restore unitarity. In the simple cases we investigate, this mechanism is visible
already at the supergravity level as the relevant new Virasoro primaries are actually affine
descendants of the identity. For more general correlators the contribution of primary
operators that are not captured in the supergravity approximation will most likely be
crucial to avoid the appearance of spurious singularities when c→∞. In the conclusions
we present an argument based on crossing symmetry supporting the idea that the heavy-
light correlators have in general a regular large c limit if the contribution of all primaries
is considered. Thus, even if the results for the correlators we studied cannot be directly
extrapolated to typical black hole microstates, we suggest that the absence of large c
spurious singularities in the heavy-light correlators is generic and that it might be seen
as a CFT feature supporting the “fuzzball” proposal [38, 39].
We conclude the introduction with an outline of the structure of the paper. In sec-
3See [34–36] for a detailed discussion of the Virasoro blocks beyond the leading term in the c → ∞
expansion and [37] for the possible relevance of 1/c corrections in black hole collapse.
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tion 2 we describe the (4, 4) CFT of interest in terms of the symmetric orbifoldMN/SN .
Even if this is appropriate for a point in the moduli space that is far from the regime
where supergravity is valid, the free orbifold description provides a simple way to charac-
terize the operators we use and calculate the correlators we are interested in. In section 3
we analyse the same correlators in terms of Virasoro blocks in order to highlight that
non-trivial primaries contribute also in the large c limit. For the examples under analy-
sis, it turns out that these new Virasoro primaries are actually part of the identity affine
block of the R-symmetry and, in particular, the full answer is captured by the U(1) affine
blocks. This shows that the correlators we focus on are fully determined by protected
quantities and so it should be possible to reproduce the same results by a gravity cal-
culation. This is discussed in section 4 where the geometries dual to the heavy states
are introduced. Then we extract holographically the 4-point correlators discussed on the
CFT side and show that the two results match. In section 5 we discuss the possible gen-
eralization of our analysis and also its possible relevance for the problem of characterising
the microstates of the Strominger-Vafa black hole. The appendices A and B contain a
summary of the technical results useful for the CFT the gravity analysis respectively.
2 The CFT picture
In this section we discuss some simple examples of four-point correlators in the D1D5
CFT. In particular we are interested in correlators with two heavy (OH) operators, which
have conformal dimension of order c, and two light (OL) operators, which have conformal
dimension of order one. Thus the structure of the correlators we consider is
〈OH(z1)O¯H(z2)OL(z3)O¯L(z4)〉 = 1
z2hH12 z
2hL
34
1
z¯2h¯H12 z¯
2h¯L
34
G(z, z¯) , (2.1)
where, as usual, zij = zi − zj and
z =
z14z23
z13z24
, (2.2)
while (hH , h¯H) and (hL, h¯L) are the holomorphic/anti-holomorphic conformal dimensions
of the heavy and light operators respectively.
We will take two main simplifying assumptions. First we focus on highly supersym-
metric operators. The light operators we use are chiral primaries both in the left and
in the right sector of the CFT. Instead the heavy operators are in the Ramond-Ramond
sector of the CFT, but are related to chiral primaries by a chiral algebra transformation
that acts only on the left sector (hence they generically preserve half of the CFT super-
charges). Second we work at the free orbifold point of the CFT moduli space, where
the theory, which has central charge c = 6N , is described by a collection of N copies of
free fields (we also call each such copy a “strand” of length 1). In each copy we have
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four free bosons and four free fermions which are labelled by the indices (α, α˙) of the
SU(2)L × SU(2)R R-symmetry group and the indices (A, A˙) of the SU(2)1 × SU(2)2
group acting on the tanget space of T 4 or K3. Thus the collection of elementary fields
we use is4 (
XAA˙(r) (τ, σ) , ψ
αA˙
(r) (τ + σ) , ψ˜
α˙A˙
(r) (τ − σ)
)
, (2.3)
where r = 1, . . . , N labels the copy and (τ, σ) are the standard coordinates on the CFT
space-time.
As a final comment, if one sees K3 as a Z2 orbifold of T
4, all our operators are in
the untwisted sector of the Z2-orbifold action, which multiplies by −1 the operators with
an odd number of indices A˙. Thus the correlators we consider are relevant both for the
(T 4)N/SN and (K3)
N/SN CFTs.
2.1 Simple correlators in the untwisted sector
We first focus on operators in the untwisted sector of the symmetric orbifold, which means
that they are written as combinations of operators acting on each copy. The symmetry
under permutations among the copies is realised differently in the light and the heavy
operators: the light operators act trivially on all the strands but one, while the heavy
ones are constructed by multiplying N copies of the same operator, each copy acting on
a different strand:
OL =
1√
N
N∑
r=1
OL(r) , OH = ⊗Nr=1OH(r) . (2.4)
In this article we concentrate on light operators of dimension hL = h¯L = 1/2 constructed
with the fermions; in concrete we take
OL(r) = −
i√
2
ψ1A˙(r)ǫA˙B˙ψ˜
1˙B˙
(r) ≡ O++(r) . (2.5)
All the operators OH(r) we are going to consider in the untwisted sector have right confor-
mal dimension h¯(r) = 1/4 and right spin j¯(r) = 1/2, which gives a total right conformal
dimension for the heavy operators h¯H = N/4, so we can distinguish the heavy operators
by their left conformal dimension and left spin. The heavy operators we choose in the
untwisted sector are characterised by an integer s determining the number of J+ exci-
tations acting on a ground state in each copy; their explicit expression is more easily
written in the bosonized language (see (A.11)), and their left conformal dimension and
spin are given by
hH = N
(
s +
1
2
)2
, jH = N
(
s+
1
2
)
. (2.6)
4We will use the conventions of [11], which are based on [40]. See appendix A for more details.
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We therefore denote the single copy operators making up the heavy states as OH(r)(s) and
the same notation will be adopted for the correlators, which are denoted as G (s; z, z¯).
As a first concrete example we consider the heavy operator corresponding to s = 0;
it is written in terms of the spin fields SA˙(r) twisting the elementary fermions ψ
αA˙
(r) (and
S˜A˙(r) twisting ψ˜
α˙A˙
(r) )
OH(r)(s = 0) = S
1˙
(r)S
2˙
(r)S˜
1˙
(r)S˜
2˙
(r) . (2.7)
Let us comment on the AdS-dual interpretation of the operators entering this correlator.
The heavy state is the Ramond-Ramond ground state with the highest value for the left
(J30 ) and right (J˜
3
0 ) spins allowed by unitarity. This state can be obtained by starting from
the SL(2,C) invariant vacuum and performing a spectral flow to the Ramond-Ramond
sector, which means that the dual supergravity solution5 is locally isometric to AdS3×S3.
The light operator (2.5) is a supersymmetric fluctuation of the B-field and the axion [10]
around the geometry dual to OH . We can calculate the correlator at the orbifold point
of the CFT moduli space by using the standard bosonization approach and the free field
contractions in the bosonic language. We collect in Appendix A our conventions and a
brief derivation of the result:
G(s = 0; z, z¯) = 1|z| . (2.8)
A simple generalization of (2.8) is to consider the correlator with the same light
states, but heavy states corresponding to generic s, which contain excited spin fields in
the holomorphic sector
OH(r) (s; z, z¯) = S
1˙
s(r)S
2˙
s(r)S˜
1˙
(r)S˜
2˙
(r) , (2.9)
where SA˙s(r) has conformal weight (s + 1/2)
2/2. Again by using the bosonized language
it is straightforward to calculate the correlator (see Appendix A for some detail)
G (s; z, z¯) = 1
zs+
1
2 z¯
1
2
(2.10)
Note that the new heavy state is an affine descendant of the Ramond-Ramond ground
state (2.7) and so the dual description can be locally mapped to AdS3×S3 with a change
of coordinates that encode (at the boundary) the action of the superalgebra on (2.7).
Thus, as discussed later in Section 2.2, this new correlator inherits several properties
from the previous example in (2.8).
2.2 Simple correlators in the twisted sector
We now consider correlators in the twisted sector of the CFT, meaning that the N copies
are divided into N/k bunches, each made of k copies glued together. We call each bunch
5It is possible to extend this solution to an asymptotically flat type IIB supergravity background,
which then represents a (very special) microstate for the Strominger-Vafa black hole [41, 42].
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a strand of length k. Within a strand of length k, we have k elementary bosons and
fermions with non-trivial periodicities, as written for instance for the ψαA˙(r) in (A.17). As
usual we can take the linear combinations (A.18) and define new fields which diagonalize
the boundary conditions. We label these twisted sectors with ρ: for instance the fermions
ψαA˙ρ , with ρ = 0, . . . , k − 1, have the standard twisted boundary conditions (A.19). In
analogy to what we did in the previous section, the heavy operators are constructed by
taking N/k identical strands of length k. The anti-holomorphic conformal dimension of
our heavy operators on each strand is always h¯H = k/4 and their right spin is j¯H = 1/2.
As before, we consider s momentum-carrying excitations in the holomorphic sector, so
we characterize the heavy operators by two integers s and k, and their left conformal
dimension and spin read
hH =
N
k
(
k
4
+
s(s+ 1)
k
)
, j =
N
k
(
s+
1
2
)
. (2.11)
The operators are denoted as OH(s, k) and the correlators as G(s, k; z, z¯).
The first kind of heavy operators we consider corresponds to s = 0 and generic k and
is a generalization to strands of length k of (2.7): on each strand we have k operators
SA˙k,ρ and k operators S˜
A˙
k,ρ and the total heavy operator is
OH(s = 0, k) =
[
Σk Σ˜k ⊗k−1ρ=0 S 1˙k,ρS 2˙k,ρS˜ 1˙k,ρS˜ 2˙k,ρ
]N/k
, (2.12)
where Σk (Σ˜k) is the twist field inducing on the bosonic fields ∂X
AA˙ (∂¯XAA˙) the same
identification specified in the fermionic sector by (A.17). The correlator is obtained again
through bosonization in the twisted sector (the derivation is sketched in appendix A) and
reads
G (s = 0, k; z, z¯) = 1/k|z|
1− |z|2
1− |z|2/k , (2.13)
where the 1/k factor comes from having the same contribution from each of the N/k
strands and from the normalization chosen for the light operators in (2.4).
The second kind of heavy operator we consider corresponds to nonzero s and k and
is a generalization to strands of length k of (2.9). These states have s(s + 1)/k units of
momentum on each strand, and since the number of momentum units must be integer,
assuming k is a prime number for simplicity, we have that either s = pk or s = pk − 1,
with p ∈ N. In the s = pk case, in the left sector of each strand we have k operators
SA˙k,s,ρ, and another k operators S˜
A˙
k,ρ live in the right sector. The total heavy operator is
OH(s = pk, k) =
[
Σk Σ˜k ⊗k−1ρ=0 S 1˙k,pk,ρS 2˙k,pk,ρS˜ 1˙k,ρS˜ 2˙k,ρ
]N/k
. (2.14)
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Notice that since hH depends on s, for s > 0 we have hH 6= h¯H and so heavy states carry
non-vanishing momentum; the correlator reads
G (s = pk, k; z, z¯) = 1/k|z|
1− |z|2
1− |z|2/k z
−p. (2.15)
When s = pk − 1 the heavy operator differs from the previous case only in the ρ = 0
sector, and has the form
OH(s = pk − 1, k) =
[
ΣkΣ˜kSˆ
1˙
k,0Sˆ
2˙
s,0 ⊗k−1ρ=1 S 1˙k,pk,ρS 2˙k,pk,ρS˜ 1˙k,ρS˜ 2˙k,ρ
]N/k
, (2.16)
and the correlator reads
G(s = kp− 1, k; z, z¯) = 1/k|z| z
−p
(
z +
|z|2/k − |z|2
1− |z|2/k
)
. (2.17)
3 Conformal blocks decomposition
In this section we analyze the correlators obtained above in terms of Virasoro and affine
conformal blocks, exploiting the underlying SU(2) R-symmetry. In the channel where
the two light operators approach each other (z3 → z4), the cross-ratio z tends to 1 and
we can expand the function G in (2.1) to extract the Virasoro or affine primary operators
entering in the decomposition:
G = (1− z)2hL(1− z¯)2h¯L
∑
Op
CHHOpCLLOpVV,A(hp, hH , hL, z)V¯V,A(h¯p, h¯H , h¯L, z¯) , (3.1)
where the sum is over all Virasoro or affine primaries Op, VV and VA are the Virasoro or
affine blocks, and CHHOp (CLLOp) are the structure constants between Op and the heavy
(light) operators.
3.1 Virasoro blocks decomposition
For the description in terms of the Virasoro blocks we focus on the large c limit where
it is possible to use the results of [26, 27]. In this limit the contribution of the Virasoro
descendents of a primary of weight hp is captured by the block whose holomorphic part
is6
VV (hp, hH , hL, z) = zhL(α−1)
(
1− zα
α
)hp−2hL
2F1 (hp, hp; 2hp; 1− zα) , (3.2)
6We normalize the conformal block so that the first term of the z → 1 expansion is (1− z)hp−2hL .
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where α =
√
1− 24hH
c
. Some of the heavy states we consider have conformal dimension
hH = c/24; in this case the large c limit of the Virasoro block is captured by the α → 0
limit7 of (3.2)
VV (hp, hH → c/24, hL, z) = z−hL (−ln z)hp−2hL . (3.3)
In all amplitudes analyzed in the previous section, the first primary entering the z → 1
decomposition is the identity. If we consider only the contribution of its Virasoro block,
for instance in the simplest case (2.8), we have
G(s = 0; z, z¯) = 1|z| |1− z|
2
| ln z|2 + . . . , (3.4)
where we used (3.1) and (3.3) with hp = 0, hL = 1/2, and the analogous expression
for the anti-holomorphic sector with h¯p = 0, h¯L = 1/2. Focusing on the holomorphic
dependence, there is a mismatch between (3.4) and (2.8) already at the order (1 − z),
which signals that primaries of conformal dimension (hp, h¯p) = (1, 0) must contribute
to the correlator (2.8). It is straightforward to see that in the OPE of the two light
operators OL, O¯L the first (normalized) Virasoro primaries are
O(1,0) =
√
2
N
N∑
r=1
J3(r) ,
O(2,0) =
1√
6N
N∑
r=1
(
−∂ψαA˙(r)ψβB˙(r) ǫαβǫA˙B˙ +
1
2
∂XAA˙(r) ∂X
BB˙
(r) ǫABǫA˙B˙
)
.
(3.5)
We can straightforwardly compute the three-point correlators between these primaries
and the heavy or the light operators so to extract the structure constants entering in the
decomposition (3.2). For later convenience, we summarize the results involving the light
and the heavy operators in (2.9) for generic s:
CLLO(1,0) =
1√
2
, CHHO(1,0) =
√
2
(
s+
1
2
)
,
CLLO(2,0) =
1√
6
, CHHO(2,0) =
(1 + 2s)2
2
√
6
.
(3.6)
Thus one can improve on the decomposition (3.4) by adding the Virasoro blocks for the
operators in (3.5)
G(s = 0; z, z¯) = 1|z| |1− z|
2
| ln z|2
(
1− 1
2
ln z +
1
12
(ln z)2 + . . .
)
, (3.7)
7It is also possible to follow a similar derivation as in [27] with hH = c/24 and show that the result
agrees with the α→ 0 limit of the formula above.
8
which reproduces (2.8) to the leading order in the z¯ → 1 and to second order in z → 1
limits.
We can proceed with the same analysis for the remaining correlator (2.10) in the
untwisted sector. One now has hH =
c
6
(
s+ 1
2
)2
, h¯H =
c
24
, and we have to use the large
c Virasoro blocks (3.2) for the holomorphic part and (3.3) for the anti-holmorphic one.
The contribution of the identity gives
G(s; z, z¯) = − |1− z|2√
z¯ log(z¯)
α z
α−1
2
1− zα + · · · , (3.8)
where α =
√
1− 4 (s+ 1
2
)2
. Again, the expansion of the expression above for z → 1
already disagrees with the exact result (2.10) at order (1− z) and, as before, we need to
add the Virasoro blocks of other primaries. By using the s-dependent structure constants
in (3.6), we have
G(s; z, z¯) = |1− z|2√
z¯ log(z¯)
α z
α−1
2
zα − 1
[
1− 1 + 2s
2
log z − (1 + 2s)
2
2α2
(
2 +
1 + zα
1− zα log z
α
)
+ . . .
]
.
(3.9)
As in the s = 0 case, the expression above agrees with the exact result (2.10) up to order
(1− z)2(1− z¯)0 in the z → 1 expansion.
3.2 Affine blocks decomposition
In all our examples the light operator (2.5) used to probe the heavy states is written just in
terms of the elementary fermions of the orbifold CFT. This suggests that it is convenient
to study the decomposition of this type of correlators in terms of affine blocks related to
the SU(2)L current algebra (A.5). As this symmetry is part of the chiral superalgebra
we can use this analysis to argue that the correlators considered in the previous section
are protected by supersymmetry, and then, in the next section, to match the free CFT
result with supergravity calculations. Also, in contrast to the pure Virasoro case, the
results for the affine blocks are exact in c and so we can use them to understand the
effect of resumming the large c limit of the blocks of all Virasoro primaries: we will see
that the singularities due to each Virasoro block [33] disappear even at large c. This is
reminiscent of what happens in some out-of-time-ordered correlators in SU(N)k WZW
models [43].
We start from the simplest example discussed in (2.8) and analyze it in two slightly
different ways. First we observe that the correlator is purely fermionic and that it is given
by a sum over the N strands of correlators that involve non-trivially only the fields on
one strand at a time. We can then effectively restrict to two free complex fermions on a
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length one strand, which realize a SU(2)k=1×U(1) WZW model8 (see for instance [44]).
Note that the SU(2)k=1 factor is identified with the R-symmetry SU(2)L, and is thus a
symmetry of the CFT at a generic point in the moduli space; the U(1) symmetry, instead,
disappears away from the free orbifold point. The non-trivial 4-point function to compute
is the one appearing in the first line of (A.13) for s = 0; with respect to the SU(2)k=1
subsector of the WZW model, all the four operators involved are SU(2)k=1 primaries
of spin 1/2. Though the light operators also carry a U(1) charge, the heavy states are
scalars under this U(1), and thus the correlator reduces to a trivial 2-point function in the
U(1) sector. This means that it should be possible to write the amplitude (2.8) by using
the classic result of [45] for the affine blocks of SU(N)k WZW models in the special case
where N = 2 and k = 1. This model has only two primaries (the identity and the spin
1/2 primary) and so the only SU(2)k=1 primary appearing in the OPE of two spin 1/2
operators has to be the identity. So in this case the affine decomposition (3.1) contains
just one term, given by the SU(2)k=1 block of the identity: since, as we said, SU(2)k=1
is part of the superconformal algebra, this shows that the amplitude (2.8) can be written
in terms of protected quantities.
It is straightforward to check that the hypergeometric describing the SU(N)k blocks
reduce to elementary functions for the identity block with N = 2 and k = 1; by adapting
the results summarized in [44] to our notations we have9
VSU(2)1 = (1− z)−2hL
(
F−1
F−2
)
= (1− z)−2hL
(
z−
1
2
z
1
2
)
, (3.10)
where the component F−1 (F
−
2 ) contributes if the operators in z1 and z4 (z2 and z4) have
opposite spin. In our case (A.13) F−1 enters in the decomposition of (2.8) and reproduces
directly the whole amplitude.
The simple result in (3.10) suggests that only a subsector of the full SU(2)k=1 affine
blocks contributes to our correlator. This is indeed the case and the amplitude is satu-
rated just considering the affine descendants obtained by acting with the modes of the
currents J3 (and J˜3) on the identity. Focusing on this U(1)L subgroup, the affine block
of the identity reads10
VU(1)(qH , qL, z) = (1− z)−2hLz2qHqL , (3.11)
8This approach is similar to one adopted in [43] in the study of quantum chaos in rational CFT.
Notice however that in that analysis the large central charge limit is obtained by studying the WZW
model SU(N)k in the limit N, k →∞ with N/k fixed, instead of using the symmetric orbifold of many
copies of SU(2)k=1, as relevant for our case.
9In order to translate the choice of the zDi ’s of [44] into ours it is sufficient to take z
D
i=1,3 = zi=1,3,
zD2 = z4, and z
D
4 = z2; notice also that the blocks in [44] have a different normalization and that the
hypergeometric appearing in Eq.(15.170) of [44] should read 2F1
(
κ+1
κ
, κ−1
κ
, 2κ−N
κ
, x
)
.
10See [27] for a recent discussion of the U(1) blocks in the context of the heavy-light large c limit.
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where the qH and qL are identified with the J
3
0 quantum numbers (j) of the operators
O¯H(r)(z2) and O
L
(r)(z3) (note that, with this identification, the level of the U(1)L current
algebra is k = 1/2, in the conventions of [27]). Then, by using qH = −1/2 − s and
qL = 1/2, we immediately reproduce not just (2.8) but also (2.10).
The correlators involving states in the twisted sector can also be described in terms
of U(1)L affine blocks. From (A.20a) the generator J
3 on a strand of length k splits into
the sum of k U(1)’s labelled by ρ = 0, . . . , k−1. While the charge of the light operator is
still qL = 1/2 for any ρ, the charge of the heavy operators is ρ-dependent, as can be seen
from (A.22) and (A.28). So the contribution to the block decomposition of each ρ-sector
is given by (3.11) with the values for the q’s that can be read off from (A.22) and (A.28);
after performing the sum over ρ, one can check that the correlators (2.15) and (2.17) are
reproduced by (3.1) with only the inclusion of the U(1)L affine block of the identity.
4 The gravity picture
Let |s, k〉 denote the pure states generated by the action of the heavy operators on the
conformal invariant vacuum:
|s, k〉 ≡ lim
z,z¯→0
OH(s, k; z, z¯)|0〉 . (4.1)
Since operators of conformal dimension of order c backreact strongly on the geometry and
generate a non-trivial gravity background, these states admit a dual gravity description.
The four-point correlators computed in the previous section can thus be thought as two-
point functions of light correlators in a non-trivial geometry:
〈s, k|OL(1)O¯L(z)|s, k〉 = 1|1− z|4hL G(z, z¯) . (4.2)
In the limit of large central charge this geometry is well approximated by a solution in
supergravity. In this section we will compute this two-point function at the point in the
CFT moduli space where supergravity is weakly coupled, i.e. higher curvature corrections
are negligible.
This point in moduli space differs from the free orbifold point, where the CFT cor-
relators have been computed. While the light operators we consider are chiral primaries
both in the left and right sector and the heavy operators are chiral at least in the right
sector, their four-point correlators are generically expected to receive corrections when
one deforms the free orbifold theory towards the point in moduli space corresponding to
weakly coupled supergravity. This is made evident by the decomposition (3.1), which
generically contains also non-chiral primaries (and their descendants). For the particular
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correlators we consider in this paper, we have however shown in Section 3.2 that the ex-
pansion (3.1) only contains the identity operator and its super-descendants with respect
to a U(1) subgroup of the superconformal algbera. This implies that CFT and gravity
results must agree. In this section we verify this expectation.
4.1 The 6D geometries
The D1D5 CFT is dual to a gravity theory on spaces that are asymptotically11 AdS3×S3:
the S3 factor is necessary to geometrically implement the SU(2)L×SU(2)R R-symmetry
of the CFT. The geometries generated by generic heavy operators are complicated 6D
spaces, which only asymptotically factorize into the product of AdS3 and S
3. All these
geometries are known when the heavy operators are chiral primaries both on the left and
the right sector [10,46,47]; a subset of geometries is known for heavy operators that are
chiral only on the right sector [48–55], or are not chiral on either sector [56, 57].
In this article we concentrate on a particularly simple set of BPS states, whose dual
geometries are locally isometric to AdS3 × S3 via a diffeomorphism that does not vanish
at the boundary. The 6D Einstein metric for these states can be written in the form
ds2 =
√
Q1Q5 (ds
2
AdS3
+ ds2S3) , (4.3a)
ds2AdS3 =
dr2
a2k−2 + r2
− a
2k−2 + r2
Q1Q5
dt2 +
r2
Q1Q5
dy2 , (4.3b)
ds2S3 = dθ
2 + sin2 θ dφˆ2 + cos2 θ dψˆ2 . (4.3c)
The coordinates t, y are identified with the time and space coordinates of the CFT, and
we take y to parametrize an S1 of radius R; φˆ and ψˆ are some linear combinations of the
S3 Cartan’s angles φ, ψ and the CFT coordinates t, y; the particular linear combination
depends on the state and will be given below. Q1 and Q5 encode the numbers of D1 and
D5 charges, n1 and n5 (with N = n1n5):
Q1 =
(2π)4n1gs(α
′)3
V4
, Q5 = gsn5α
′ , (4.4)
where gs is the string coupling and V4 is the volume of the compact space M . The
parameter a is linked to the D-brane charges and the S1 radius by
a =
√
Q1Q5
R
. (4.5)
11To describe generic states one should consider the full 10D geometry, which asymptotes AdS3 ×
S3 ×M , with M either T 4 or K3. For the class of states we consider, the M factor is irrelevant and we
restrict to the 6D part of the geometry.
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Finally k is a positive integer which introduces a conical defect in the geometry ds2AdS3 :
indeed this space represents a Zk orbifold of AdS3.
The gravity solution also includes a RR 2-form, whose field strength is
F3 = 2Q5 (−volAdS3 + volS3) , (4.6a)
volAdS3 =
r
Q1Q5
dr ∧ dt ∧ dy , volS3 = sin θ cos θ dθ ∧ dφˆ ∧ dψˆ . (4.6b)
The 3-form field strength is anti-self-dual in the 6D Einstein metric
∗6 F3 = −F3 , (4.7)
where ∗6 is the Hodge star with respect to ds2 and we choose the orientation ǫrtyθφˆψˆ = +1.
4.1.1 The two-charge states
The states |s = 0, k〉 have hH = h¯H = c24 = N4 and thus carry D1 and D5 charges but no
momentum charge. The geometries dual to these states were found in [46] and can be
written in the form (4.3) with
φˆ = φ− t
R k
, ψˆ = ψ − y
R k
. (4.8)
Note that the original set of coordinates (t, y, φ, ψ) is subject to the identifications
(t, y, φ, ψ) ∼ (t, y + 2π l R, φ+ 2πm, ψ + 2π n) , (4.9)
with l, m, n ∈ Z. Only when k = 1 eq. (4.8) defines a new set of coordinates (t, y, φˆ, ψˆ)
which satisfy analogous identifications
(t, y, φˆ, ψˆ) ∼ (t, y + 2π l R, φˆ+ 2πm, ψˆ + 2π n) , (k = 1) . (4.10)
In this case the coordinate transformation (t, y, φ, ψ) → (t, y, φˆ, ψˆ) realizes the spectral
flow from the state |s = 0, k = 1〉 to the SL(2,C)-invariant vacuum, whose dual geometry
is (4.3) with the identifications (4.10), i.e. global AdS3×S3. For k > 1 the identifications
induced on the (t, y, φˆ, ψˆ) coordinates are more complicated:
(t, y, φˆ, ψˆ) ∼
(
t, y + 2π l R, φˆ+ 2πm, ψˆ − 2π l
k
+ 2π n
)
. (4.11)
The geometry dual to the state |s = 0, k〉 is given by (4.3) expressed in the (t, y, φ, ψ)
coordinate system via (4.8): geometrically it represents a Zk orbifold of AdS3 × S3.
For k > 1 there is no state in the D1D5 CFT dual to the geometry (4.3) with the
identifications (4.10).
13
4.1.2 The three-charge states
The states |s, k〉 have hH = N4 + N s(s+1)k2 , h¯H = N4 and thus carry momentum np = h−h¯ =
N s(s+1)
k2
. The dual geometries have been found in [53] and are of the form (4.3) with
φˆ = φ− t
R k
− s t+ y
R k
, ψˆ = ψ − y
R k
− s t+ y
R k
(s ∈ Z) . (4.12)
As in the previous example, this coordinate redefinition preserves the simple periodic
identifications only for k = 1. For k > 1 the geometry is again a Zk orbifold of AdS3 ×
S3, though the orbifold group, determined by the coordinate redefinition (4.12), acts
differently than in the previous example. It is important to keep in mind that the integers
s and k must be such that the momentum on each strand s(s + 1)/k be integer12. This
allows for non-integer s/k; states with s/k integer are particularly simple, as they are
obtained from the 2-charge states with s = 0 by a global chiral algebra transformation.
We note that setting s = 0 the D1D5P states specified by eq. (4.12) reduce to the
D1D5 states corresponding to (4.8). In the following we will thus work with the more
general class of states described by (4.12).
4.2 The holographic two-point function
We want to compute the correlator of the light operators OL ≡ O++ and O¯L ≡ O−− in
the states |s, k〉, whose dual geometries are specified by (4.3,4.6) and (4.12). We will do
this by computing the vev of the operator O¯L in the presence of a source for the operator
OL, and then differentiating the vev with respect to the source to obtain the two-point
correlator:
〈s, k|OL(0, 0)O¯L(t, y)|s, k〉 = iδ〈O¯L(t, y)〉J
δJ¯L(0, 0)
∣∣∣
J=0
, (4.13)
where J¯L is the source coupling to OL and the correlator is computed on the cylinder
parametrized by t and y. The vev 〈O¯L(t, y)〉J is extracted from the supergravity field
dual to O¯L.
In 6D13 the fields dual to the chiral primary operators O±± are a scalar w and a
2-form B2, which satisfy a coupled system of differential equations. The linearization of
these equations around the background (4.3,4.6) gives [58, 59]
dB2 − ∗6dB2 = 2wF3 , d ∗6 dw = Q1
Q5
dB2 ∧ F3 . (4.14)
12This condition only holds when n1 and n5 are coprime and a more general condition applies if n1
and n5 share a common divisor [53]; for simplicity we will assume n1 and n5 coprime in this article.
13When lifted to the 10D IIB duality frame, B2 is the NSNS 2-form and w is the component of the
RR 4-form along the compact space M .
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The factorised form of the background (when expressed in φˆ, ψˆ coordinates) allows to
reduce the 6D equations (4.14) to two sets of decoupled equations on AdS3 and S
3. To
this purpose one can make the ansatz [60]
w = Y B , B2 = γ (Y ∗AdS3dB −B ∗S3dY ) , (4.15)
where Y is a function of θ, φˆ, ψˆ, B is a function of r, t, y, ∗AdS3 and ∗S3 are the Hodge duals
with respect to ds2AdS3 and ds
2
S3 and γ is a constant that will be determined shortly. It
is straightforward to verify that this ansatz satisfies (4.14) if Y and B are eigenfunctions
of the respective Laplacians:
✷AdS3B = ℓ(ℓ− 2)B , ✷S3Y = −ℓ(ℓ+ 2) Y , (4.16)
and if γ = Q5
ℓ
. Then Y is a scalar harmonic on S3 of order ℓ, with ℓ a positive integer;
B is a minimally coupled scalar in AdS3 with mass m
2 = ℓ(ℓ− 2).
As the CPO’s O±± form a multiplet with SU(2)L×SU(2)R charges j = j¯ = 1/2, the
gravity dual field must have spin 1, and hence we should look for solutions for B and Y
with ℓ = 1. The vev of O−− is encoded in the component of the field w proportional to
the spherical harmonic Y ++1 = sin θ e
iφ (see eqs. (4.9), (4.10) in [11]). Thus we seek for
a solution of the form
w = B(t, y, r) sin θ eiφˆ = B(t, y, r) e−i
t
Rk
−i s t+y
Rk sin θ eiφ , (4.17)
where B(t, y, r) solves the AdS3 Laplace equation (4.16) with ℓ = 1. Note that the phase
e−i s
y
Rk is not globally well-defined on the circle y ∼ y + 2π R when s/k is fractional.
Thus, for w to be a globally defined field, we need to require that the function B(t, y, r)
has an appropriate monodromy when going around the S1 to cancel that of the phase:
B(y, y + 2πR, r) = B(t, y, r) ei
sˆ
k
2π , (4.18)
where sˆ = smod k and we choose 0 ≤ sˆ < k.
Since the non-normalizable and normalizable solutions of the AdS3 wave equation
go like r−1 log r and r−1, the usual AdS/CFT prescription implies that the asymptotic
behaviour of the field w has the form
w ≈ J¯L(t, y) log r + 〈O¯L(t, y)〉J
r
sin θ eiφ . (4.19)
Requiring that w is finite in the interior of space links the normalizable and non-normaliz-
able terms of the solution. In accordance with (4.13), the two point function of OL(0, 0)
and O¯L(t, y) is given by the vev 〈O¯L(t, y)〉J when the source for OL is a delta-function:
J¯L(t, y) = δ(t, y).
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In summary, one looks for a solution of the equation (4.16) for B with ℓ = 1 which is
regular in the bulk, has the monodromy (4.18), and its leading behavior at large r is
B(t, y, r) ≈ δ(t, y) log r
r
+ b1(t, y)
1
r
. (4.20)
AdS solutions with monodromies like in (4.18) are not usually considered in the literature.
In Appendix B we will derive the solution of the wave equation in AdS3/Zk with the
boundary conditions prescribed above by generalising the computations in [61, 62]. One
finds
b1(t, y) = −i e
isˆ y
R k
ei
t
R k − e−i tR k
[
ei
t−y
R
ei
t−y
R − 1
e−isˆ
t
R k +
1
ei
t+y
R − 1
eisˆ
t
R k
]
. (4.21)
The two-point correlator of the light operators in the state |s, k〉 is given by
〈s, k|OL(0, 0)O¯L(t, y)|s, k〉 = i b1(t, y) e−i tRk−i s
t+y
Rk . (4.22)
To compare the bulk result (4.22) with the CFT, one should transform from the
cylinder coordinates t and y to the Euclidean plane coordinates14 z, z¯:
z = ei
t+y
R , z¯ = ei
t−y
R , (4.23)
and remember that
OL(z, z¯) = (zz¯)
−1/2OL(t, y) , (4.24)
(and the same for O¯L) since OL(z, z¯) is a primary of dimension hL = h¯L = 1/2. The
gravity result for the correlator on the plane is then
〈s, k|OL(1)O¯L(z, z¯)|s, k〉 = z
sˆ−s
k
|z| |1− z|2
1− |z|2(1− sˆk ) + z¯ (|z|−2 sˆk − 1)
1− |z| 2k . (4.25)
One can check that when s = kp (and thus sˆ = 0) the previous result reduces to the
CFT expression (2.15), and when s = kp − 1 (and thus sˆ = k − 1) one recovers (2.17),
up to overall numerical coefficients that have not been kept in the gravity derivation.
5 Discussion
It is well known that symmetric orbifolds provide a prototypical example of CFTs that
have a sparse spectrum, which is a necessary condition to have a dual gravitational
14This is different from what is done when the thermal results are extracted from the Euclidean
correlators. Of course in the thermal case, one needs to perform the Wick rotation so as to identify the
compact coordinate with time and, on the bulk side, the four point correlators are compared with the
wave equation on a BTZ black hole.
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description in terms of a string or supergravity theory [63]. We focused on the best
known example of such orbifold theories, the D1D5 CFT at the free point. In section 2
we calculated on the CFT side a very special class of 4-point correlators among BPS
operators, where two states are heavy (i.e. have conformal dimension of order c), while
the other two are light (i.e. their conformal dimension is of order 1). These correlators
are essentially combination of the free-fermion result and, in the (OHOH)(OLOL) OPE,
are completed saturated by the affine identity block of a U(1) subgroup of the SU(2)
symmetry of the theory. This suggests that they are protected by supersymmetry and
motivates the supergravity analysis of section 4. Again thanks to the simplicity of our
external states, also the gravity calculation is easy and, in this case, the basic ingredient
is obtained by studying the scalar wave equation in AdS3/Zk. Then in order to obtain
the full correlator it is important to know how the 3D result is uplifted to the full 10D
geometry. In all examples under analysis, we find agreement with the free CFT result,
even if this description is valid in different point of the moduli space, thus confirming the
expectations based on supersymmetry as mentioned above.
Of course, in the Euclidean case, the correlators we studied are singular only in the
OPE limits. One of the main features of our result is that, for the whole correlator,
this holds even at the leading order in the large c limit, while, in the same limit, the
contribution of the Virasoro identity block in the (OHOH)(OLOL) OPE develops spurious
singularities [33,36]. In other words, the c→∞ limit of the correlators studied here is not
captured by the contribution of the identity Virasoro block in the heavy-light channel.
This is reflected by the gravity calculations: the 2-point functions of the light operators
in the near-horizon limit of the Strominger-Vafa black hole (which is the extremal BTZ)
captures just the identity Virasoro block, while the same calculation in the microstate
geometry dual to the heavy state reproduces the whole 4-point correlators, including the
contributions of the higher order Virasoro primaries. This supports the intuition that
the black hole geometry describes the correlators in a statistical ensemble, while each
individual microstate yields correlators that deviate from the statistical answer before
one reaches singularities that are usually related to the presence of a horizon.
In our case, due to the simple form of the heavy states, these deviations are present
even at distances larger than the Schwarzschild radius. On the CFT side, this means
that, in the (HH)(LL) OPE, there are contributions of non-trivial Virasoro primaries
with conformal dimension of order 1. The pattern discussed above is different from the
one advocated in [33], where it is suggested that quantum (i.e. 1/c corrections) are
needed to resolve the spurious singularities of the statistical/black-hole result. Thus it is
natural to ask whether the regularity of our Euclidean correlators in the large c regime is
due to some peculiar feature of the D1D5 CFT under analysis and/or is a consequence of
the very special operators considered. We believe that this is actually a general property
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as argued below.
The absence of spurious singularities at finite values of the central charge c is a direct
consequence of the convergence of the OPE expansion in unitary CFT and of the basic
properties of the Hilbert space structure of the spectrum [64]. In a nutshell, in the radial
quantization, one can separate the four operators in the correlator by a sphere of radius
r, with |z4| < |z3| < r < |z2| < |z1|. Then the convergence of the OPE ensures that the
operators O1 and O2 in the external region produce a new state |φe〉 on the sphere and
the same happens, in the internal region, for the operators O3 and O4 that produce |φi〉
(of course if z1 →∞, z2 = 1 > z3 > z4 = 0, |φi〉 depends on z = 1 − z3). So the 4-point
correlator reduces to the scalar product 〈φe|φi(z)〉 which is finite for any value of z in
the interval 0 < |z| < 1. In [33] it was noted that it is not straightforward to take the
c→∞ limit in this argument if one identifies O1, O2 with the heavy operators and O3,
O4 with the light ones. We can see this directly in the simplest one of our examples, i.e.
the correlator with the operators (2.5) and (2.7). The OPE between the light operators
reads
OL(w)O¯L(0) =
1
|w|2 +
1
N
∑
r
(
J3(r)
w¯
+
J˜3(r)
w
)
+
1
N
∑
r 6=s
OL(r)O
L
(s) + . . . (5.1)
In the large c limit, normally one would discard the contribution of the terms with the
currents, as their norm is of order 1/N . However the OPE between the heavy operators
produces terms, again proportional to the currents, that are non-normalizable in the
N →∞ limit
OH(w)O¯H(0) =
1
|w|2hH
(
1 + w
∑
r
J3(r) + w¯
∑
r
J˜3(r) + . . .
)
. (5.2)
Such non-normalizable terms can combine with the currents that appear in (5.1) to give
non-negligible contributions to the block decomposition of the correlator; moreover their
presence invalidates the regularity argument based on the existence of a well-defined
scalar product, and is probably responsible for the singular behaviour of the heavy-light
Virasoro blocks.
At the level of the correlators one can repeat the same derivation focusing on the OPE
channel where the light operators are close to the heavy ones. In this case the intermediate
states are normalizable even in the c → ∞ limit and so the argument discussed above
shows that the large c Euclidean correlators should not have spurious singularities. Of
course this does not provide any information on the identity Virasoro block nor other
(HH)(LL) blocks because they do not appear in the (HL)(HL) decomposition. However
once the regularity of the large c limit of the correlators is established, we know that there
is an infinite number of Virasoro primaries contributing to the (HH)(LL) OPE. In the
simple cases considered in this paper, it turns out that these primaries are protected, as
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they are affine descendants of the identity operator. Thus the correlator we compute at
the CFT orbifold point reproduces the one extracted from the dual geometry: in these
instances then correlators are regular already at the level of supergravity. In general the
OPE argument in the (HL)(HL) channel predicts that correlators be regular in the large
c limit at a generic point in the CFT moduli space. We do not expect, however, that all
the operators ensuring the absence of spurious singularities at large c will be captured in
the supergravity approximation. It would be an important progress to identify explicitly
the CFT operators that are relevant to the (HH)(LL) decomposition of a more general
correlator. This could help to understand from a CFT prospective what contributions
survive in the large c limit beside those that reproduce the thermal behaviour.
It is of course very interesting to elucidate the meaning of this pattern on the dual
gravity side, where the main question is whether there are effects that modify the standard
general relativity picture at the scales of Schwarzschild radius Rs in the limit where Rs
is large in Planck units. Scenarios that fall in this class are the fuzzball [38, 39] and the
firewall [65] proposals. In situations that can be studied within the AdS/CFT duality, one
could rephrase these ideas by saying that the heavy-light correlators, in a pure heavy state
should differ from the ones calculated in a statistical ensemble even in the c→∞ limit.
This is exactly the behaviour we observe in the simple correlators analyzed in this paper.
Of course, even if this is a general pattern as suggested above, there are several points
that need to be understood in order to have a complete picture on the gravitational side.
These include the following questions: what are the non-trivial operators that generically
appear in (HH)(LL) decomposition of a typical heavy states? Is it possible to associate a
scale in the radial direction to these contributions and show it is of the same order of Rs?
For which correlators the contributions from non-trivial conformal blocks are negligible
and the result is well approximated by the thermal correlator? Posing such questions
in this framework might help to clarify some aspects of the “fuzzball complementarity”
conjecture [66, 67].
We conclude by discussing some less speculative and more concrete possible devel-
opments. Of course it would be interesting to consider 4-point correlators that are not
related by a change of coordinates to 2−point functions in AdS3/Zk. In the same spirit,
also changing the form of the light operators could provide new information on how dif-
ferent objects probe the heavy backgroud. Both these generalizations would allow to
compare the bulk and the CFT results in examples with a richer structure. Another
interesting direction is to exploit the relation between the D1D5 CFT and gravitational
theories with a higher spin symmetry, as discussed in [68–70]. It seems possible to study
heavy-light correlators where the operators belong to the pure gravitational Vasiliev sec-
tor and it would be interesting to compare this bulk description with the CFT result
at the free orbifold point (something that could now be done without relying on non-
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renormalization theorems). Finally it would be interesting to analyze heavy-light 4-point
correlators in other CFTs that have a holographic interpretation at large c, so as to check
or disprove the generality of the pattern suggested by the analysis for the D1D5 CFT.
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A The CFT at the orbifold point
In this appendix we will state what the ingredients for the CFT computations are and
how they are put together to get the results in section (2). Let’s start from the untwisted
sector of the theory: the holomorphic (left) fermions on the r-th strand ψαA˙(r) and the
antiholomorphic (right) ones ψ˜α˙A˙(r) have the nontrivial OPEs
ψ+A˙(r) (z)ψ
−B˙
(r) (w) =
ǫA˙B˙
z − w + [Reg.] , ψ˜
+A˙
(r) (z¯)ψ˜
−B˙
(r) (w¯) =
ǫA˙B˙
z¯ − w¯ + [Reg.] , (A.1)
where our convention is ǫ1˙2˙ = −ǫ1˙2˙ = 1. The indices α, α˙ are in the fundamental repre-
sentation of SU(2) and will take values α, α˙ = ± or α, α˙ = 1, 2 depending on what’s more
convenient case by case. Through bosonization, the fermions can be written in terms of
bosons H(z), K(z) as
ψ+1˙(r) = i e
iH(r), ψ−2˙(r) = i e
−iH(r), ψ+2˙(r) = e
iK(r), ψ−1˙(r) = e
−iK(r), (A.2)
and an analogous dictionary holds for the right fermions, with bosons H˜(r)(z¯), K˜(r)(z¯).
The bosons have the nontrivial OPEs
H(r)(z)H(r)(w) = − log (z − w) + [Reg.] , K(r)(z)K(r)(w) = − log (z − w) + [Reg.] ,
(A.3)
and the rule for contractions of bosonized fields is
: eiαH(r)(z) :: eiβH(r)(w) := (z − w)−αβ : exp(αH(r)(z) + βH(r)(w)) : . (A.4)
A further ingredient we need is given by the current operators. In the untwisted
sector, these are written as
Ja(z) =
N∑
r=1
Ja(r)(z) , (A.5)
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with
J3(r) = −
1
2
(
ψ+A˙(r) ψ
−B˙
(r) ǫA˙B˙
)
, (A.6a)
J+(r) = J
1
(r) + iJ
2
(r) =
1
2
ψ+A˙(r) ψ
+B˙
(r) ǫA˙B˙ , (A.6b)
J−(r) = J
1
(r) − iJ2(r) = −
1
2
ψ−A˙(r) ψ
−B˙
(r) ǫA˙B˙ . (A.6c)
Since the theory enjoys an SU(2)1 × U(1) affine symmetry on each strand, we also have
a U(1) generator J0 defined as
J0(z) =
N∑
r=1
J0(r)(z) , J
0
(r) = −
C
2
ψα1˙(r)ψ
β2˙
(r)ǫαβ , (A.7)
where C is a constant that is not fixed by the algebra (corresponding to the fact that the
level of the U(1) factor inside a SU(2)k × U(1) affine algebra is undetermined). J3(r) can
also be written in terms of the bosons H and K, noticing that
ψ+1˙(r)ψ
−2˙
(r) = −i∂H(r), ψ+2˙(r)ψ−1˙(r) = i∂K(r), (A.8)
as
J3(r) =
i
2
(
∂H(r) + ∂K(r)
)
, J+(r) = ie
i(H(r)+K(r)), J−(r) = ie
−i(H(r)+K(r)). (A.9)
The light operators we consider are (on a strand)
OL(r) = −
i√
2
ψ+A˙(r) ǫA˙B˙ψ˜
+B˙
(r) ≡ O++(r) , O¯L(r) =
i√
2
ψ−A˙(r) ǫA˙B˙ψ˜
−B˙
(r) ≡ O−−(r) , (A.10)
while the ones acting on the product theory are given by the sum over copies in (2.4).
In all the cases considered we will get the same result for each strand, so we can just
work on a copy and (in the untwisted sector) multiply by N . The heavy operators that
we want to consider for the correlators in the untwisted sector are obtained from (2.4)
and (2.9) with
S 1˙s,(r) = e
i(s+ 1
2
)H(r) , S 2˙s,(r) = e
i(s+ 1
2
)K(r) . (A.11)
The corresponding states are
|s, k = 1〉 ≡ lim
z,z¯→0
OH(s, k = 1; z, z¯)|0〉
= ⊗r
[
(J+−2s)(r) . . . (J
+
−2)(r) lim
z,z¯→0
OH(r)(s = 0, k = 1; z, z¯)
]
|0〉 .
(A.12)
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The left and right parts of the four-point function (2.4) factorize and we need to evaluate
corelators of the form
F A˙C˙s,(r)(zi) ≡ 〈ei(s+
1
2)(H(r)(z1)+K(r)(z1))e−i(s+
1
2)(H(r)(z2)+K(z2)(r))ψ+A˙(r) (z3)ψ
−C˙
(r) (z4)〉×
×
∏
r′ 6=r
〈e−i(s+ 12)(H(r)(z1)+K(r)(z1))ei(s+ 12)(H(r)(z2)+K(r)(z2))〉. (A.13)
The right part is completely analogous, with the exception that in the right sector we
always have s = 0. Notice that in principle the light operators acting on the product
theory bring two sums over strands. Despite this, by spin conservation, the only nonzero
contributions come from the cases in which both light operators act on the same strand,
which reduces the full correlator to just one sum over copies. Moreover, since the heavy
operators are product over copies, the term relative to the r-th copy is multiplied by the
two-point functions of the heavy operators on all the copies r′ 6= r. The full correlation
function reads
〈OH(z1)O¯H(z2)OL(z3)O¯L(z4)〉 =
N∑
r=1
1
2
F A˙C˙s,(r)(zi)F
B˙D˙
0,(r)(z¯i) ǫA˙B˙ǫC˙D˙. (A.14)
F A˙C˙s,(r)(zi) is nonzero only if the two fermions can have a nontrivial contraction, which
selects the cases (A˙, B˙) = (1˙, 2˙) and (A˙, B˙) = (2˙, 1˙). In the first case, using (A.4) to
contract each possible pair of fields, we get
F 1˙2˙s,(r)(zi) = −
z
s+ 1
2
13 z
s+ 1
2
24
z2h12 z
s+ 1
2
14 z
s+ 1
2
23 z34
= − 1
z2h12 z34
z−s−
1
2 , (A.15)
where h =
(
s+ 1
2
)2
. The second case is analogous, giving F 2˙1˙s,(r)(zi) = −F 1˙2˙s,(r)(zi). The
antiholomorphic parts are obtained from these setting s = 0 and replacing zi → z¯i and
h→ h¯ = 1/4. Putting everything together we get
〈OH(z1)O¯H(z2)OL(z3)O¯L(z4)〉 = 1
z2hH12 z¯
2h¯H
12 |z34|2
|z|−1 z−s ; (A.16)
a factor N would come from the fact that each term of the sum over r gives the same
contribution, but this is cancelled by the normalization (2.4) of OL. The first correlator
we compute in the untwisted sector corresponds to s = 0, while the second to generic s.
Let’s consider the twisted sector. In this case we have N/k strands of length k, each
of which contains k left fermions ψαA˙(r) and k right fermions ψ˜
α˙A˙
(r) , with r = 1, . . . , k. If we
rotate z → e2πi z we have that
ψαA˙(r) (e
2πi z) = ψαA˙(r+1)(z) ∀r = 1, . . . , k − 1, ψαA˙(k) (e2πi z) = ψαA˙(1) (z). (A.17)
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We can diagonalize this periodicity condition by defining new fermions
ψ+A˙ρ (z) =
1√
k
k∑
r=1
e2πi
rρ
k ψ+A˙(r) (z), ψ˜
+˙A˙
ρ (z¯) =
1√
k
k∑
r=1
e−2πi
rρ
k ψ˜+˙A˙(r) (z¯),
ψ−A˙ρ (z) =
1√
k
k∑
r=1
e−2πi
rρ
k ψ−A˙(r) (z), ψ˜
−˙A˙
ρ (z¯) =
1√
k
k∑
r=1
e2πi
rρ
k ψ˜−˙A˙(r) (z¯),
(A.18)
which behave like
ψ+A˙ρ (e
2πi z) = e−2πi
ρ
k ψ+A˙ρ (z), ψ˜
+˙A˙
ρ (e
−2πi z¯) = e2πi
ρ
k ψ˜+˙A˙ρ (z¯), (A.19)
where the behaviour of ψ−2˙ρ and ψ
−1˙
ρ are obtained respectively from ψ
+1˙
ρ and ψ
+2˙
ρ by
complex conjugation. Analogous relations hold for the antiholomorphic fermions. Also,
in the twisted sector the current operators become
J3 = −1
2
k−1∑
ρ=0
ψ+A˙ρ ψ
−B˙
ρ ǫA˙B˙, (A.20a)
J+ =
1
2
(
ψ+A˙ρ=0ψ
+B˙
ρ=0ǫA˙B˙ +
k−1∑
ρ=1
ψ+A˙ρ ψ
+B˙
k−ρǫA˙B˙
)
, (A.20b)
J− =
1
2
(
ψ−A˙ρ=0ψ
−B˙
ρ=0ǫA˙B˙ +
k−1∑
ρ=1
ψ−A˙ρ ψ
−B˙
k−ρǫA˙B˙
)
. (A.20c)
Using (A.18) the light operators are rewritten as
k∑
r=1
O++(r) =
k−1∑
ρ=0
O++ρ , O
++
ρ ≡ −
i√
2
ψ+A˙ρ ǫA˙B˙ψ˜
+B˙
ρ , (A.21)
where O−− is the complex conjugate of this. Our choice for the heavy operators in the
s = pk case is
S 1˙k,pk,ρ = e
i(− ρk+
1
2
+ s
k)Hρ , S 2˙k,pk,ρ = e
i(− ρk+
1
2
+ s
k)Kρ, (A.22)
with the right part given by analogous definitions with s = 0. The states generated by
these operators are
|s, k〉 ≡
[(
J+
−2s/k . . . J
+
−2/k
)
lim
z,z¯→0
Σk Σ˜k ⊗k−1ρ=0 S 1˙k,ρS 2˙k,ρS˜ 1˙k,ρS˜ 2˙k,ρ
]N/k
|0〉 . (A.23)
Following the same logic as in the untwisted sector, the correlator is given in terms of
functions
F A˙C˙pk,k,ρ(zi) ≡ 〈ei(−
ρ
k
+ 1
2
+p)(Hρ(z1)+Kρ(z1))e−i(−
ρ
k
+ 1
2
+p)(Hρ(z2)+K(z2)ρ)ψ+A˙ρ (z3)ψ
−C˙
ρ (z4)〉 (A.24)
×
∏
ρ′ 6=ρ
〈ei
(
− ρ
′
k
+ 1
2
+p
)
(Hρ′ (z1)+Kρ′(z1))e
−i
(
− ρ
′
k
+ 1
2
+p
)
(Hρ′(z2)+Kρ′(z2))〉 〈Σk(z1)Σk(z2)〉
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as
〈OH(z1)O¯H(z2)OL(z3)O¯L(z4)〉 = 1
k
k−1∑
ρ=0
1
2
F A˙C˙pk,k,ρ(zi)F
B˙D˙
0,k,ρ(z¯i) ǫA˙B˙ǫC˙D˙, (A.25)
where the 1/k factor takes care of the fact that we have the same contribution for each
length k strand (it would be N/k, but N cancels out because of the normalization of
the light operators). As in the untwisted sector, F A˙C˙s,k,ρ(zi) is nonzero only if (A˙, C˙) take
values (1˙, 2˙) or (2˙, 1˙), and we have
F 1˙2˙pk,k,ρ(zi) = −
z
− ρ
k
+ 1
2
+p
13 z
− ρ
k
+ 1
2
+p
24
z2h12 z
− ρ
k
+ 1
2
+p
14 z
− ρ
k
+ 1
2
+p
23 z34
= − 1
z2h12 z34
z
ρ
k
− 1
2
−p , (A.26)
where h = k
4
+ s(s+1)
k
, F 2˙1˙s,k,ρ(zi) = −F 1˙2˙s,k,ρ(zi) and z is defined in (2.2). The antiholomorphic
part is again obtained taking the holomorphic one, setting s = 0 (i.e. p = 0) and replacing
zi → z¯i and h→ h¯ = k/4. Putting everything together we get
〈OH(z1)O¯H(z2)OL(z3)O¯L(z4)〉 = 1/k
z2hH12 z¯
2h¯H
12 |z34|2
z−p
|z|
1− |z|2
1− |z| 2k
. (A.27)
The heavy operator in the s = pk−1 case is obtained from the one in the s = pk case by
acting on it with J−2p (the mode 2p). This only changes the operator in the ρ = 0 sector:
it has the form (2.16), where the action on the ρ = 0 part of the left sector is
Sˆ 1˙k,0 = e
i(− 12+p)Hρ=0, Sˆ 2˙k,0 = e
i(− 12+p)Kρ=0 . (A.28)
With the same procedure as before, we have
F A˙C˙pk−1,k,0(zi) = 〈ei(−
1
2
+p)(H0(z1)+K0(z1))e−i(−
1
2
+p)(H0(z2)+K0(z2))ψ+A˙0 (z3)ψ
−C˙
0 (z4)〉 (A.29)
×
k−1∏
ρ′=1
〈ei
(
− ρ
′
k
+ 1
2
+p
)
(Hρ′(z1)+Kρ′(z1))e
−i
(
− ρ
′
k
+ 1
2
+p
)
(Hρ′ (z2)+Kρ′(z2))〉 〈Σk(z1)Σk(z2)〉,
while for ρ 6= 0 (and in the whole right sector) we have the same functions as in (A.24),
i.e. F A˙C˙pk−1,k,ρ6=0 = F
A˙C˙
pk,k,ρ6=0. The correlator takes again the form (A.25) and the only new
object to compute is
F 1˙2˙pk−1,k,0(zi) = −
z
− 1
2
+p
13 z
− 1
2
+p
24
z2h12 z
− 1
2
+p
14 z
− 1
2
+p
23 z34
= − 1
z2h12 z34
z
1
2
−p, (A.30)
where again h = k
4
+ s(s+1)
k
and F 2˙1˙pk−1,k,0(zi) = −F 1˙2˙pk−1,k,0(zi). The full correlator in the
s = pk − 1 case reads
〈OH(z1)O¯H(z2)OL(z3)O¯L(z4)〉 = 1/k
z2hH12 z¯
2h¯H
12 |z34|2
z−p
((z
z¯
) 1
2
+
1
|z|
|z| 2k − |z|2
1− |z| 2k
)
.
(A.31)
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The first correlator considered in the twisted sector corresponds to choosing s = 0, while
the second and the third correspond respectively to the s = pk and the s = pk − 1 case.
B Wave equation in AdS3/Zk
In this section we solve the wave equation (4.16) for a scalar field of dimension 1, in the
geometry written in (4.3), with the monodromy (4.18) and the boundary condition (4.20).
We will follow a route similar to the one employed in [61, 62], and our result generalises
the one obtained in the previous works to the case with non-trivial monodromy (sˆ 6= 0).
The boundary CFT lives on the cylinder and to induce the appropriate geometry on
the boundary we will work in global AdS coordinates; we will keep careful track of the
periodicity of the spatial circle, which is crucial to distinguish geometries with different
values of the conical defect and to properly implement the monodromy condition. More
general discussions about the dynamics of a scalar field in Lorentzian AdS of general
conformal dimension, the interpretation of the normalizable modes solution, and the
difference between different choice of patch can be found in [71].
The AdS part of the geometry in (4.3b) can be simplified by the redefinitions:
t = k
√
Q1Q5
a
τ y = k
√
Q1Q5
a
σ , r =
a
k
tan ρ , (B.1)
where the new coordinates τ , σ, ρ have the following domains
ρ ∈
[
0,
π
2
]
, σ ∈
[
0,
2π
k
]
, τ ∈ [0,+∞) . (B.2)
After this change the metric takes the form
ds2AdS3 =
1
cos2 ρ
(−dτ 2 + dρ2 + sin2ρ dσ2) (B.3)
with the boundary located at ρ = π
2
.
The most general solution with the prescribed monodromies involves an arbitrary sum
over Fourier modes:
B(τ, σ, ρ) =
1
(2π)2
eisˆσ
∑
l∈Z
∫
dω eiωτeilkσg(l, ω)χl,ω(ρ) , (B.4)
where the choice of the function g(l, ω) encodes a particular boundary data and we
assume 0 ≤ sˆ < k. Substituting into the wave equation we obtain a differential equation
for χl,ω(ρ) that reads
χ′′l,ω(ρ) + csc ρ sec ρχ
′
l,ω(ρ) +
(
ω2 − (lk + sˆ)2 csc2 ρ+ ℓ(ℓ− 2))χl,ω(ρ) = 0 . (B.5)
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This is an hypergeometric equation, as it is made evident by the change x = sin2 ρ:
χ′′l,ω(x) +
1
x
χ′l,ω(x) +
1
4
(
ω2
x(1− x) −
(lk + sˆ)2
x2(1− x) +
1
x(1− x)2
)
χl,ω(x) = 0 . (B.6)
The solution that is finite everywhere in the bulk15 is
χl,ω(x) = x
|lk+sˆ|
2 (1− x) 12 2F1
(
1
2
(1 + |lk + sˆ| − ω), 1
2
(1 + |lk + sˆ|+ ω), 1 + |lk + sˆ|, x
)
.
(B.7)
From the expansion of this solution near the boundary (x = 1) one can extract the
non-normalizable and the normalizable modes
χl,ω(x) ≈ Γ(1 + |lk + sˆ|)
Γ(1
2
(1 + |lk + sˆ| − ω))Γ(1
2
(1 + |lk + sˆ|+ ω))×{[
2γE + ψ(
1
2
(1 + |lk + sˆ| − ω)) + ψ(1
2
(1 + |lk + sˆ|+ ω))
]
(1− x) 12
+ [log(1− x)] (1− x) 12
}
,
(B.8)
with the digamma function defined as ψ(z) ≡ d
dz
log(Γ(z)), and γE the Euler constant.
The non-normalizable mode (the source) is the coefficient of the [log(1− x)] (1−x) 12 term
and the normalizable mode (the VEV) is the term proportional to (1 − x) 12 . Reverting
to the original coordinates, these two terms correspond to the ones shown in (4.20). A
delta function source at the boundary is obtained by tuning the function g(l, ω) in (B.4)
in such a way that the non-normalizable term has constant Fourier transform; this is
achieved setting
g(l, ω) =
Γ(1
2
(1 + |lk + sˆ| − ω))Γ(1
2
(1 + |lk + sˆ|+ ω))
Γ(1 + |lk + sˆ|) . (B.9)
The coefficient of the normalizable term, denoted as b1(τ, σ) in (4.20), is then found from
(B.8) to be
b1(τ, σ) =
∑
l∈Z
∫
dω
(2π)2
eiωτ+i(lk+sˆ)σ
[
ψ(
1
2
(1+ |lk+ sˆ|−ω))+ψ(1
2
(1+ |lk+ sˆ|+ω))+2γE
]
.
(B.10)
In order to perform the sum we use the series representation of the digamma function
ψ(z) = −γE +
∞∑
n=0
(
1
n + 1
− 1
n + z
)
. (B.11)
15The form of the other independent solution can be found, for example, in [71]. It can be shown to
contain divergences for x→ 0 (i.e. r → 0).
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Separating the term with l = 0 in the sum, and forgetting contact terms coming from
summation over constants Fourier modes we have
b1(τ, σ) =
∞∑
n=0
[
∞∑
l=0
∫
dω
(2π)2
eiωτ+i(lk+sˆ)σ
(
2
ω − (lk + sˆ)− 1− 2n −
2
ω + (lk + sˆ) + 1 + 2n
)
+
∞∑
l=1
∫
dω
(2π)2
eiωτ−i(lk−sˆ)σ
(
2
ω − (lk − sˆ)− 1− 2n −
2
ω + (lk − sˆ) + 1 + 2n
)]
.
(B.12)
As usual, to define the ω-integral one has to pick the integration contour: we choose
the Feynman prescription, which allows the Wick rotation to Euclidean space and hence
comparison with the CFT correlator, which is evaluated on the Euclidean plane. The
integral is thus readily computed and yields
b1(τ, σ) = − i
2π
∞∑
n=0
[
∞∑
l=0
ei(lk+sˆ)σe−i(lk+sˆ+1+2n)τ +
∞∑
l=1
e−i(lk−sˆ)σe−i(lk−sˆ+1+2n)τ
]
= − i
2π
eisˆσ
eiτ − e−iτ
[
e−isˆτ
1− eik(σ−τ) +
eisˆτ
eik(σ+τ) − 1
]
.
(B.13)
Re-expressing the result in the original physical coordinates defined in (B.1), and sup-
pressing the overall numerical coefficient (which is not meaningful as we did not keep
track of the normalization of the operators), we finally obtain
b1(t, y) = −i e
isˆ y
Rk
ei
t
R k − e−i tR k
[
ei
t−y
R
ei
t−y
R − 1
e−isˆ
t
R k +
1
ei
t+y
R − 1
eisˆ
t
R k
]
= −i
(z
z¯
) sˆ
2k 1
|z| 1k − |z|− 1k
[
z¯
z¯ − 1 |z|
− sˆ
k +
1
z − 1 |z|
sˆ
k
]
.
(B.14)
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